In this paper, we study the warped product structures of Finsler metrics. We give the formulae of the flag curvature and Ricci curvature of these metrics, and obtain the characterization of such metrics to be Einstein. Some Einstein Finsler metrics of this type are constructed.
Introduction
The notion of Ricci curvature in Riemannian geometry can be naturally extended to the Finsler realm. Finsler metrics of isotropic Ricci curvature are called Einstein metrics. In Riemannian geometry, motivated by Einsteins general relativity, several generations of mathematicians have investigated Einstein Riemannian metrics. It is a natural problem to study and characterize Einstein Finsler metrics.
Recently, there are many studies on this problem. In [1] , D. Bao and C. Robles gave the complete classification of Einstein Randers metrics F = α + β by the navigation trick. It is a milestone in the study of Einstein Finsler metrics and we encourage the geometers to study Einstein metrics of (α, β)-type, i.e. F = αφ(β/α). The results of X. Cheng, Y. Tian and the authors [7, 8, 11] strongly suggest the candidate F = (α+β) 2 α which is called the square metric. Later in [6] , the authors obtained the local structure of Einstein square metrics. The key point is to express α in a warped product form, and fortunately the line factor is exactly the integral curves of β. This observation prompts us to study Finsler metrics with warped product structure. Letα be a Riemannian metric onM , and I be an interval. We consider metrics on M = I ×M of the form F = ϕ(v 1 , r,α), where r is the coordinate on I and v 1 ∂/∂r is the tangent vector defined on I. We obtain the PDE characterization of such metrics to be of constant flag curvature or constant Ricci curvature (see Section 5) .
Another motivation of this paper is the spherically symmetric metrics. L. Zhou starts the study of Finsler spherically symmetric metrics of the form F = |y| · φ |x|,
x,y |y| in [14] . Recently, the second author, E. Sevim and S. Ulgen gave the PDE of such metrics to be Einstein [10] . We observe that spherically symmetric metrics have warped product structure by using the polar coordinate of R n . With this observation, we construct Einstein Finsler metrics of the warped product type (see Section 6).
Warped product
Let us first recall the warped product in Riemannian geometry. Consider the product manifold M = I ×M where I is an interval of R andM is an (n − 1)-dimensional manifold equipped with a Riemannian metricȃ. A warped product Riemannian metric on M can be written as
where r is the standard coordinate on I and w(r) is a positive function. It is well-known that if
andȃ has constant Ricci curvature (n − 2), then a has constant Ricci curvature (n − 1)K. For our purpose, we express the Riemannian warped product in Finslerian language. Let {θ i } n i=2 be a local coordinate system onM , then {u A } n A=1 provide a local coordinate on M by setting u 1 = r and u i = θ i . From now on, the indices i, j, k, · · · range from 2 to n while A, B, C, · · · range from 1 to n. A vector v on M can be written as v = v A ∂/∂u A , and its projection onM is denoted by
We generalize it to the form
Since F is positive homogeneous of degree one, we have 
where φ is a suitable function defined on a domain of R 2 . In general, if M ⊂ R n , then its standard coordinate is denoted by {x A } n A=1
and a vector y is denoted by y = y A ∂/∂x A . Taking the Euclidean metric as α(y) = |y| and a 1-form as β(y) = A x A y A = x, y , we get b = |x| and
A Finsler metric of the above type is called a spherically symmetric metric [14] .
Lemma 3.1 A spherically symmetric metric is a Finsler warped product metric.
Proof. Let (r, θ i ) be the polar coordinates of R n , then a vector y can be expressed as y = v 1 ∂/∂r + v i ∂/∂θ i . Thus, the Cartesian expressions can be rewritten as
whereα + is the standard Euclidean metric on the unit sphere S n−1 . Now, the spherically symmetric metric (3.2) can be written as
which is clearly of the form (2.6).
Example. The Funk metric on the unit open ball B n is
Applying Lemma 3.1, its Finsler warped product form can be written as
whereα + is the sphere metric as above. If we replaceα + by another metric, the resulting metric is not spherically symmetric. Next we will show that a Finsler warped product metric is essentially a general (α, β)-metric. Without loss of generality, let us assume r > 0. Given 3
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a Finsler metric F =α w(s, r), we define a metric α 2 = v 1 v 1 + r 2α2 and a 1-form β = rv 1 on I ×M . Then b = β α = r and F can be written as
and F is obviously a general (α, β)-metric. Therefore one can conclude spherically symmetric ⊂ warped product ⊂ general-(α, β).
Geometric quantities
One can easily get the fundamental form
where˘ i =α v i and
such that p α i˘ i = 0. Therefore, the matrix of the endomorphism S under the basis
Thus, the eigenvalues of S are λ 3 = · · · = λ n = 1 2 Ξ and
Proposition 4.1 F =α w(s, r) is strongly convex if and only if Ξ, Λ > 0.
Proof. Taking a normal coordinate ofα at u such thatȃ ij = δ ij , the eigenvalues of (S A B ) coincide with the ones of (g AB ). Thus F is strongly convex if and only if λ A > 0 for A = 1, · · · , n. Therefore, if the metric is stronly convex, one can obtain Ξ > 0 by (4.4) and deduce Λ > 0 from (4.6). Conversely, assuming Ξ > 0 and Λ > 0, we have to prove λ A > 0 for A = 1, · · · , n. It is trivial to see λ 3 = · · · = λ n = 1 2 Ξ > 0. In order to get the positivity of λ 1 and λ 2 , we first deduce w ss > 0 from (4.5). Then (4.5) gives Ξ − sΞ s − 1 wss Ξ 2 s > 0 and thus Ξ − sΞ s > 0, which implies λ 1 + λ 2 > 0 and λ 1 λ 2 > 0. Moreover, since
we see λ 1 and λ 2 are positive real numbers.
Remark. By putting L =α 2 w(s, r), one may consider pseudo Finsler metrics (e.g. FLRW metric [12] ). Given Ξ > 0, Λ < 0 (e.g. w = −s 2 + r 2 ), such metrics have signature (−, +, · · · , +) and can be considered as the models of spacetime.
From now on, let us assume that F is strongly convex, i.e. (g AB ) is positively definite. Then one can easily deduce the inverse g CA as
where
The angular metric tensor h
The spray coefficients are defined by
A direct computation gives (see the Appendix for details) The explicit formulae of Φ and Ψ can be found in the Appendix (see (7. 2) and (7.4)). Now we can obtain the flag curvature tensor by the following Berwald's formula
For convenience, we set
By denoting the flag curvature tensor ofα byȒ k j , we get (see the Appendix for details) 
Recalling Ξ = 2w − sw s and ν = sτ + µ, we seȇ
Thusα is of scalar flag curvature, and Kw − µ = σ(θ) sinceα is Riemannian.
Lemma 5.1
The metric F =α √ w has scalar flag curvature K if and only if
3)
where σ = σ(θ) is a function onM andα is of isotropic sectional curvature σ. 
It is interesting that
Therefore, the following identity always holds, where σ = σ(θ) is a function onM andα is of isotropic sectional curvature σ.
Now let us turn to the Ricci curvature. It is easy to give the Ricci curvature of F by Ric =Ȓic +α
Suppose that F is Einstein, i.e. there is a function
Putting v 1 = 0 and r = r 0 , we seeȒic =α 2 χ(θ, 0, r 0 ) :=α 2 χ(θ) which means α is Einstein and χ(θ, s, r) = χ(θ). Conversely, if where χ = χ(θ) is a function onM andα is of isotropic Ricci curvature χ. If dimM ≥ 3, then χ = const.
Particulary, for a spherically symmetric metric,α is the standard metric on S n−1 , one can get the following corollary.
Corollary 5.1 Given a spherically symmetric metric F =α + √ w on the prod-
• F has constant flag curvature K ⇐⇒ Kw − µ = 1 and Kw s + 2τ = 0.
• F has constant Ricci curvature (n − 1)K
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Let us make an observation on the above results. Assume thatα has constant sectional curvature σ and F =α √ w has constant flag curvature K, then by Theorem 5.1 we get the following PDE in w
Thus one can replace thisα by another Riemannian metricα, andF =α √ w also satisfies (5.13). Moreover, ifα has constant Ricci curvature (n − 2)σ, then F has constant Ricci curvature (n − 1)K.
Corollary 5.2 Suppose that F =α √ w has constant flag curvature K andα has constant sectional curvature σ. Given another Riemannian metricα onM with constant Ricci curvature (n−2)σ, the new warped product metricF =α √ w has constant Ricci curvature (n − 1)K.
Moreover, the flag curvature ofF =α √ w is not constant if the sectional curvature ofα is not constant.
Examples
1) Revised Funk's metric. As we see, in the spherical polar coordinates, the Funk metric on B n can be expressed as
The flag curvature of F is − 1 4 . Letα be a (local) metric on S n−1 with Ricci curvature (n − 2), thenF
is Einstein with Ric = − n−1
.
Remark. The metricα + is the unique Riemannian metric on S m with constant sectional curvature K = 1. One can easily construct localα with Ric = m − 1. The construction of Einstein metrics globally defined on S m is a deep problem. Jensen [9] discovered S 4k+3 admits another Einstein metric in 1973. In 1998, Böhm [4] constructed infinite sequences of nonisometric Einstein metrics for m = 5, 6, 7, 8, 9. In 2005, Boyer, Galicki and Kollár [5] constructed many Sasakian-Einstein metrics on S 4k+1 .
2) Revised Berwald's metric. The Berwald's metric [2] on B n is of the form
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By Lemma 3.1, its warped product form is
The flag curvature of F is K = 0. Letα be a metric as above, then
is Ricci flat.
3) Revised Bryant's metric. The Bryant's metric [3] can be expressed as
and 0 ≤ φ < π. The flag curvature of Bryant's metric is K = 1. Putting 8) the warped product form is
We can do as above and obtain a metricF Bry with Ric = n − 1. A + A 2 − 4d 2
and d 2 > d 1 > 0 are positive numbers. Thus, the warped product form is
Replacingα + byα, one can getF Zhou with Ric = −(n − 1).
Appendix
This appendix contains the details of the calculations for the results appeared in Section 4. By using the definition g AB = . We first present the calculations for the spray coefficients of G A . By using the following identities
and using the fact that U Ξ s + V (Ξ − sΞ s ) = 0, where
Λ Ξ s and Λ = 2ww ss − w 2 s , one can obtain
where the factor Φ can be directly expressed in terms of w
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ΞΛ w s Ξ s , and
we have
where Ψ can be expressed in the following form
It is well-known that a metric F is projectively related to F 0 if and only if
In the case of F =α √ w, it is equivalent to Φα 2 = Φ 0α 2 + Pαs, Ψα 2 = Ψ 0α 2 + Pα.
Hence Φ − Φ 0 = (Ψ − Ψ 0 )s which is (r 2 + 2s 2 )(2ww ss − w 2 s ) = r(2ww r + sw r w s − 2sww rs ).
Since F 0 is Riemannian, one can obtain Douglas metrics by solving the above PDE.
Next, we calculate the flag curvature tensor R C B . We first give a list of the derivatives of G A .
[G Recalling (4.14), we get R 
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